In this article, light-like hypersurfaces which are derived by null Cartan curves are examined and discussed. The singularities of lightlike hypersurfaces and light-like focal sets are investigated by using the Bishop frame on the Null Cartan curves. We obtain that the types of these singularities and the order of contact between the null Cartan curves are closely related to the Bishop curvatures of the null Cartan curves. Moreover, two examples of light-like hypersurfaces and light-like focal sets are given to illustrate our theoretical results.
Introduction
In 4-dimensional Minkowski space, due to the causal character there are three categories of vectors, namely, space-like, time-like and light-like (null) ones. Therefore, hypersurfaces of a Lorentzian manifold (M; g) can be of three types(see [16] ): Space-like, time-like and light-like (null) hypersurfaces. Especially, the geometry of light-like hypersurfaces becomes more di¢ cult and is completely di¤erent from that of the space-like and time-like hypersurfaces. In the case of light-like (degenerate, null) hypersurfaces, the situation is totally di¤erent. The normal bundle T M ? is a rank-one distribution on M : T M ? T M . It is also coincides with the radical distribution RadT M = T M \ T M ? . Therefore, the induced metric g is degenerate on M and it has a constant rank n. Therefore, these hypersurfaces are usually used in modeling objects that are di¢ cult to understand. In particular, light-like hypersurfaces are of interest to physicists because Kerr black holes, and various horizons can be modeled with these hypersurfaces [2, 4, 10, 11, 13, 17, 18, 20, 24] . Moreover, these hypersurfaces are used in the electromagnetism theory [19, 21] . Nersessian and Ramos have shown that there is a geometric particle-model based on the geometry of null curves in Minkowski 4-space [14] . Moreover, they studied 308 ZEHRA OZDEM IR the geometric particle model related to the null curves in Minkowski 3-space [15] . Duggal et.al. gave various fundamental works for the di¤erential geometry theory of light-like submanifolds [5, 6, 7, 8] .
On the other hand, the use of di¤erential geometry in the singularity theory was …rst demonstrated by Thom in 1965. This study provides a connection between physics and geometry. Then, in 1998, Akivis et al. investigate the singular points of light-like hypersurfaces of the de Sitter space S n+1 [1] . The singularities of light-like surface and hypersurfaces have been studied in [22, 23] .
In this study, the singularities of the hypersurfaces are de…ned by using the Bishop frame of the null Cartan curve in Minkowski 4 space. We will classify singular points of light-like hypersurfaces and light-like focal sets. We have also shown that the types of these singularities are closely related to the curvatures of the Bishop Cartan curvatures. Finally, we visualized light-like hypersurfaces and light-like focal set to demonstrate our theoretical results.
Preliminaries
The 4-dimensional Minkowski space-time is a real vector space E 4 1 furnished with a symmetric non-degenerate (0,2) tensor …eld g with constant index. The metric tensor g on E 4 1 with the signature (-,+,+,+) has the form g(x; y) = x 1 y 1 + x 2 y 2 + x 3 y 3 + x 4 y 4 for any two x = (x 1 ; x 2 ; x 3 ; x 4 ) and y = (y 1 ; y 2 ; y 3 ; y 4 ) in E 4 1 :
x) < 0 and null if g(x; x) = 0. Any two vectors x; y 2 E 4 1 are called orthogonal if g(x; y) = 0. Any two null vectors are called orthogonal on the condition that they are linearly dependent.
Let : I ! E 4 1 ; w ! (w) be a smooth curve in E 4 1 . Then the tangent vector of the curve denoted by
The curve is said to be a null (isotropic or light-like ) curve i¤ locally at each point it satis…es
The null curve parameterized by the pseudo-arc parameter s denoted by
is called as a null Cartan Curve. The Cartan frame ft; n; b 1 ; b 2 g along the nongeodesic null Cartan curve satis…es the following Cartan frame equations
, k 2 (s) and k 3 (s) are Cartan curvature functions and the …rst Cartan curvature k 1 (s) = 1 in pseudo-arc parameter s. The null Cartan curve is called a null Cartan cubic on the condition that the second Cartan curvature satis…es k 2 (s) = 0. Moreover, we have the following relations g(t; t) = g(b 1 ; b 1 ) = 0; g(n; n) = g(b 2 ; b 2 ) = 1;
De…nition 1. The Bishop frame ft 1 ; n 1 ; n 2 ; n 3 g of a null Cartan curve in E 4 1 is positively oriented pseudo-orthonormal frame. It contains a tangential vector …eld t 1 , two relatively parallel space-like normal vector …elds n 1 and n 3 , and a relatively parallel light-like transversal vector …eld n 2 . These vectors have satisfy the following conditions g(t 1 ; t 1 ) = g(n 2 ; n 2 ) = 0; g(n 1 ; n 1 ) = g(n 3 ; n 3 ) = 1; g(t 1 ; n 1 ) = g(n 1 ; n 2 ) = g(n 1 ; n 3 ) = g(n 2 ; n 3 ) = 0; g(t 1 ; n 2 ) = 1 [12] .
Theorem 2. Let be a null Cartan curve in E 4 1 with the Cartan curvatures k 1 (s) = 1; k 2 (s) and k 3 (s) = 0. Then the Bishop frame ft 1 ; n 1 ; n 2 ; n 3 g and the Cartan frame ft; n; b 1 ; b 2 g of have the following relation 2
Particularly, the relation for cross products of the Bishop frame vector …elds are t 1 n 1 n 2 = n 3 ; t 1 n 1 n 3 = t 1 ; t 1 n 3 n 2 = n 1 ; n 1 n 2 n 3 = n 2 [12] .
Theorem 3. Let be a null Cartan curve in E 4 1 with the Cartan curvatures k 1 (s) = 1; k 2 (s) and k 3 (s) 6 = 0. Then the Bishop frame vectors ft 1 ; n 1 ; n 2 ; n 3 g and the Cartan frame vectors ft; n; b 1 ; b 2 g of are given by the following relation where the …rst Bishop curvature 1 (s) = sin (s), the second Bishop curvature satis…es the di¤ erential equation
; 0 (s) 6 = 0 the third Bishop curvature 3 (s) = cos (s) and the function (s) satis…es the di¤ erential equation
De…nition 4. The map DG C (u; ) is called as de Sitter Gauss image of C = (I) with respect to Bishop frame in E 4 1 and de…ned as
In the following section we derive the light-like hypersurfaces along C and investigate the singularities of the light-like hypersurfaces.
Lightlike Hypersurfaces and Singularities

Let
: I ! E 4 1 be a null Cartan curve with the Bishop frame apparatus ft 1 ; n 1 ; n 2 ; n 3 g : Then the light-like distance squared function is de…ned as d(p; ) = g( (s); (s)) 1
here p = (s) for any …xed 0 2 E 4 1 ; we have (p) = 0 (p) = d(p; 0 ):
If we take derivative of the last equation we get 0 (p) = 2g(t 1 (s); 0 (s)):
Then, we calculate the discriminant set of the light-like squared function d as follows Using the above characterizations we obtain the following proposition. Proposition 6. Let be a curve null Cartan curve with the Bishop frame ft 1 ; n 1 ; n 2 ; n 3 g : Then we have following three condition 1: h(p) = 0 (p) = 0 i¤ there exist 0 2 [0; 2 ) and 0 2 R such that 4. If (p) = 0 (p) = 00 (p) = 000 (p) then we have (4) (p) 6 = 0:
De…nition 7. Let : I ! E 4 1 be a null Bishop Cartan curve in E 4 1 . Then, the pseudo-sphere that have …ve-point contact with is said to be the osculating pseudosphere of [3] . in E 4 1 : Then we know that if h(s) has A 1 singularity at s 0 then we have 1 = ( 2( 1 x 1 (s 0 )); 2( 2 x 2 (s 0 )); 2( 3 x 3 (s 0 )); 2( 4 x 4 (s 0 ))) Since (s) 2 S 3 1; we calculate that rank 1 = 1 Let we assume that h 0 (s 0 ) has A k singularity at s 0 (k = 2; 3; 4) then we have the following matrix form 2 = 2 6 6 4 The determinant of the matrix 2 calculated as ii: If (3) = 0 then we have (s) = t 1 (s) n 3 (s):
The determinant of the matrix 2 calculated as det 2 = g(( (s)) 0 (s) 00 (s); 000 (s)) = g(( t 1 (s) n 3 (s)) t 1 ( 2 t 1 + 1 N 1 ) In this section we provide two examples in E 4 1 . The …rst example is given for the case of 3 (s) 6 = 0 and the second example is for the case of 3 (s) = 0; to verify the given theory.
We can give the light-like hypersurface as the form LHC(s; ; ) = (s) + T 1 (s) + cos n 1 (s)+sin n 3 (s). When = 0; it is a ruled hypersurface derived by using the null parallel transport frame. We draw the projections of surface LHC(s; 0; ) on 3-dimensional space. Also, we plotted the projections of the critical value focal set LFC(s; 0; 4 ) on 3 dimensional space illustrated in Figure 2 . Thus, we may provide the clue for the image of the light-like hypersurface LHC(s; 0; ) with view of the null parallel transport frame via these projections. We can give the light-like hypersurface as the form LHC(s; ; ) = (s) + T 1 (s) + cos N 1 (s) + sin N 3 (s); when = 0;is a ruled hypersurface generated by using the null parallel transport frame. We draw the projections of surface LHC(s; 0; ) on 3-dimensional space. Also, we illustrated the projections of the critical value Focal set LFC (s; 0; 2 ) on 3 dimensional space illustrated in Figure 3 and Figure 4 . Thus, we can obtain the information for the image of the hypersurface LHC(s; 0; ) with view of the null parallel transport frame via these projections. 
